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Interaction of an electromagnetic wave with a suddenly stopped ionization front
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The theory of the interaction of an electromagnetic wave with a uniformly moving ionization front in a gas
is extended to include the case when the front suddenly stops. This nonstationary character of the wave/front
interaction, which is typical for experiments carried out in a finite-size gas tube, gives rise to fresh physical
effects. First, currents induced near the plasma boundary after the front stops produce a static magnetic field
not only in the plasma behind the front but also in the vacuum ahead of the front. Second, in the regime where
the transmitted wave falls off behind the front, the skinning field leaks through the stopped front and produces
a burst of highly frequency up-shifted radiation.
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I. INTRODUCTION

A strong laser pulse propagating in a gas can ionize
gas and thus can produce a gas/plasma boundary w
moves with the group velocity of the ionizing pulse. Such
boundary is called an ionization front. An electromagne
wave incident on the ionization front will be reflected a
frequency up-shifted due to Doppler effect. The possibility
the generation of tunable frequency up-shifted radiation
tiated the first theoretical works, which treated the interact
of an electromagnetic wave with an ionization front and w
undertaken more than 30 years ago@1#. In the early 1990s,
the emergence of lasers capable of producing fast ioniza
in gases brought in the subject for experimental tests
many theoretical predictions have been verified. In particu
the reflection of an electromagnetic wave from a mov
ionization front and its transmission into the plasma w
thoroughly studied@2#. It was found that the reflection from
an underdense front yields very low energy efficiency of f
quency up-conversion to warrant any practical use. Sub
quently, it was proposed to use the transmitted wave wh
can also be highly frequency up-shifted and carry signific
energy @3#. In experiments, however, the efficiency of u
conversion was rather poor@2#. One of possible reasons fo
the low energy conversion is the excitation of a se
sustaining distribution of dc currents and a static magn
field in the plasma. Predicted more than 30 years ago@1#, the
experimental verification of the presence of this so-cal
free-streaming mode in the plasma still remains an o
question. Later it was theoretically shown that the excitat
of Langmuir waves behind the ionization front can also le
to significant losses for TM polarized waves@4#. Recently,
the idea of frequency up-shifting was tested for optical f
quencies by colliding two laser beams@5#. The prospects of
using ionization fronts for terahertz generation in capac
arrays filled with a gas or a semiconductor material are a
currently discussed in the literature@6#.

Traditionally, the theoretical works treated only the inte
action of a wave with a uniformly moving front@1–4,7#. In
experiments, however, the gas-filled tube has a finite len
When the ionizing pulse traverses the tube, it hits the qu
1063-651X/2002/66~2!/026404~6!/$20.00 66 0264
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window at the end of the tube and the ionization front su
denly stops. This situation is typical, for example, for expe
ments on frequency up-shifting of electromagnetic radiat
in a resonant microwave cavity@2#. Therefore, it is natural to
extend the existing theories to include the case when
front suddenly stops and this is our aim in this paper. T
nonstationary character of the wave/front interaction, cau
by a sudden stop of the front, gives rise to several unus
effects. The first effect is the generation of a static magn
field in vacuum ahead of the stopped front. The presenc
dc currents and a static magnetic field was pointed out a l
time ago@1#. However, in all the cases studied up to date,
static magnetic fields existed only in the plasma and no
vacuum. When the front stops, the dc currents excited beh
the front will be modified by transient processes. The res
ant distribution of the dc currents will give rise to a sta
magnetic field which exists not only in the plasma, as bef
the front stops, but also in vacuum. The presence of this fi
in vacuum may significantly simplify the experimental dete
tion of the free-streaming mode. The second effect is
leakage of the transmitted wave into vacuum after the fr
stops. This is expected to occur when the transmitted w
follows the front. However, we show that the transmitt
wave that initially falls off exponentially in the plasma be
hind the front can penetrate into vacuum and can produc
short burst of highly frequency up-shifted electromagne
radiation. This opens the possibility to use the skinning tra
mitted wave as a source of frequency up-shifted radiat
rather than using the propagating transmitted wave. Besi
the transmitted field behind the front has the maximum
gree of frequency up-shift when the wave falls off in th
plasma@4#.

The paper is organized as follows. In Sec. II we lay o
the theoretical model to descibe the interaction of an elec
magnetic wave with an ionization front which sudden
comes to a stop. Section II contains a description of
electromagentic field distribution before the front stops
procedure of finding the time evolution of the fields after t
stop, and a discussion of main results. In Sec. III we inv
tigate how a short pulse interacts with a moving front and
©2002 The American Physical Society04-1
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relevance of stationary-state initial conditions for this situ
tion. The final Sec. IV contains concluding remarks.

II. GENERAL THEORY

A. Initial conditions

We start by considering a plane TE polarized electrom
netic wave of frequencyv0, which initially, at t,0, is inci-
dent at an angleu0 on an ionization front which moves with
velocity V(V,c, with c the in vacuospeed of light! in the
negativex direction @see Fig. 1~a!#. We assume the front to
be infinitely sharp, i.e., the distance at which the plas
density increases is small compared with the wavelength
the incident, as well as reflected and transmitted, wav
Such fronts can nowadays be routinely produced by fem
second laser pulses@8#. This approximation allows us to
write the plasma density asN(x,t)5NQ(x1Vt), where
Q(x1Vt) is the Heavyside step function. The complex ele
tric field of the incident wave is

E~x,y,t !5 ẑE0exp~ iv0t2 ig0x2 ih0y! ~1!

with g05(v0 /c)cosu0 andh05(v0 /c)sinu0 being the nor-
mal and tangential wave-vector components, respectiv
Due to the translational invariance in they direction, all
fields have the same spatial dependence along they direction
and the common factor exp(2ih0y) will be omitted from now
on. The angle of incidenceu0 lies between 0 andumax with
cosumax52b, b5V/c. The incident wave gives rise t
reflected and transmitted waves, and a free-streaming m
The continuity of the phase across the front yields the
quencies and the angles of propagations of these waves@4#.
The frequencies of the reflected and transmitted waves a

f r5v r /v05g2~112b cosu01b2!, ~2!

f t5v t /v05g2f 2bgAf f
22 f p

2, ~3!

whereg51/A12b2, f 511b cosu0, f f5g(b1cosu0), f p

5vp /v0, wherevp5A4pNe2/m is the plasma frequenc

FIG. 1. ~a! Schematic of a TE polarized wave incident on
moving ionization front.~b! Regimes of propagation for the tran
mitted wave in the plasma as a function off p and u0 for b

50.99 (umax'172 °). In region I @ f p, f̃ p with f̃ p

5A(cosu012b1b2 cosu0)cosu0], the transmitted wave propagate

in the positivex direction; in region II (f̃ p, f p, f f), the transmitted
wave runs after the front; in region III (f p. f f), the transmitted
wave falls off exponentially behind the front.
02640
-

-

a
of
s.
-

-

ly.

e.
-

e

(e andm are the electron charge and mass, respectively!, and
for the free-streaming modef s5vs /v050. The angles
of propagations are tanu r ,t,s5h0 /gr ,t,s with gr ,t,s
5v0( f 2 f r ,t,s)/V being the normal components of the wa
vectors. The transmitted wave behaves quite unusually c
pared to the case of a stationary boundary. Depending on
plasma density, the angle of incidence, and the velocity
the front, three possible cases shown in Fig. 1~b! exist: the
wave can propagate away from the front, follow the front,
fall off exponentially behind the front. The amplitudes of th
excited waves are found using the continuity condition
the electric and magnetic fields and their spatial and temp
derivatives@4#:

Er5E0~ f t21!/~ f r2 f t!, ~4!

Et5E0~ f r21!/~ f r2 f t!, ~5!

Bsy52gsBsx /h052E0f b21~12 f r
21!~12 f t

21!. ~6!

The frequencies, the angles of propagations, and the am
tudes completely determine the stationary picture of
wave transformation at a uniformly moving front before
comes to a stop.

B. Solution of initial value problem

We assume that att50 the front suddenly stops. In prac
tice, the sudden stop means that it is much shorter than
periods of the waves. This condition is satisfied if the ion
ing pulse reaches the boundary of the homogeneous gas
ume bound by a glass or any other material. For simplic
we assume a sharp vacuum/plasma boundary. We are i
ested in finding what happens with the fields and the curre
in the plasma. To solve this nonstationary problem we w
use Maxwell’s equations

ih0Ez5
1

c

]Bx

]t
, ~7!

]Ez

]x
5

1

c

]By

]t
, ~8!

]By

]x
1 ih0Bx5

1

c

]Ez

]t
2

4p

c
eNvz@Q~x1Vt!Q~2t !

1Q~x!Q~ t !# ~9!

supplemented by the equation for electron motion:

]vz

]t
52

e

m
Ez . ~10!

To solve Eqs.~7!–~10! we will use a Laplace transform tech
nique. The initial conditions for the fields and electron v
locities att501 are the same as fort502, since the fields
and velocities do not change during the infinitely short sto
ping time. From Eqs.~7!–~10! we obtain the equation for the
Laplace transformE(s) of the electric fieldEz(t):
4-2
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]2E
]x2

2S s2

c2
«1h0

2D E5F~x,s!, ~11!

where«511vp
2/s2 in the plasma and«51 in vacuum. The

source termF(x,s) in Eq. ~11! is defined by the initial fields
in the plasma,F(x,s)52(1/c2)(s1 iv t)Et exp(2igt x) and
in vacuum, F(x,s)52(1/c2)@(s1 iv0)E0 exp(2ig0x)1(s
1ivr)Er exp(2igr x)#. Solving Eq.~11! in the homogeneous
regions (x,0 andx.0) and matching the solutions by th
boundary conditions~continuity of E and]E/]x), we find

E~x,s!5H E0e2 ig0x

s2 iv0
1

Ere
2 igrx

s2 iv r
1Av~s!ekvx if x,0

Ete
2 igtx

s2 iv t
1Ap~s!e2kpx if x.0,

~12!

where

Av,p~s!57
1

kv1kp
S kp,v7 ig0

s2 iv0
E01

kp,v7 igr

s2 iv r
Er

2
kp,v7 igt

s2 iv t
EtD ~13!

andkp,v5A«s2/c21h0
2.

Expressions~12! and ~13! give the solution of the prob
lem in the s domain. To obtain the solutions in the tim
domain we have to take the inverse Laplace transform.
first terms in Eq.~12! describe the forced responses and c
tribute to Ez(x,y,t) immediately att501. In vacuum, the
poles of the two forced terms give the incident wave and
initially reflected wave; in the plasma, there is one po
which gives the initially transmitted wave. The fre
streaming mode does not have any electric field and ca
be obtained directly from Eq.~12!. At an arbitrary pointx,
the effect of the stopped front emerges att5uxu/c. From this
moment the free-wave terms in Eq.~12! start to contribute.
In taking the inverse transform fort.uxu/c, we choose the
integration contour~see Fig. 2! in the Riemann sheet in th
complexs plane, where the real parts ofkp,v(s) are positive

FIG. 2. Integration contour fort.uxu/c.
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to ensure evanescence of the fields atx→6`. The branch
cuts due to double-valued functionskp,v(s) run along the
imaginary axis from the branch points6 iv0 sinu0 and
6 iv* (v* 5Avp

21v0
2 sin2u0) to infinity.

The electric field distribution formed att→1` is given
by the poles of the forced responses and the integrals
Av,p(s) along the right-hand side of the branch cut near
poles s5 iv0,r ,t . This asymptotic distribution depends o
whether the front and the initial wave were copropagating
counterpropagating att,0. For the counterpropagating cas
the initial wave will produce the textbook reflected and tran
mitted waves due to incidence upon the motionless plas
boundary. This does not happen in the copropagating c
Besides the incident wave, the transmitted wave, if att,0 it
followed the front, will contribute to the asymtotic distribu
tion due to its reflection and transmission at the boundar

C. Free-streaming mode

We now focus on the excitation of the free-streami
mode and then discuss transient radiation into vacuum.
magnetic field can be found from Eqs.~12! and Maxwell’s
equation~in the s domain!: Bx5@ ich0E1Bx(t50)#/s. The
pole ats50 gives the desired static magnetic field:

Bx
st~x!5B0

stH ~B11B2!eh0x if x,0

B1e2 igsx1B2e2kp
stx if x.0,

~14!

where the complex amplitudeB0
st is

B0
st5E0 sinu0~12 f r

21!~12 f t
21!/B1 , ~15!

where B252(sinu01if /b)/C, B15(sinu01f* )/C, C
5Af

*
2 1 f 2/b2, uB11B2u51, kp

st5 f * v0 /c, and f *
5v* /v0 . By

st can be found by combining Maxwell’s equa
tion “•B50 and Eq.~14!. The static magnetic field in the
plasma consists of two terms. The first term describes
usual field formed behind the uniformly moving front. Th
second term results from the transient processes near
boundary after the front stops. Since atx@1/kp

st the second
term vanishes, the stopping of the front causes a chang
the static field only near the boundary at the depth;1/kp

st. A
striking effect, though, is the excitation of a static magne
field in vacuum@see Eq.~14!#. The lines ofBst in vacuum
continue the lines existing in the plasma@see Fig. 3~a!#. The
two componentsBx,y

st change harmonically along they axis;
they have the same amplitude but shifted in phase byp/2.
The magnitude ofBst falls off exponentially with the distance
from the boundary; in vacuum the characteristic decay len
is h0

21. For sinu0;1 this decay length is comparable to th
wavelength of the incident wave, which lies usually in t
centimeter range in experiments on frequency up-shifting
microwave radiation. For small values of sinu0, i.e., for the
angles of incidenceu0 close to 0 ° or 180 °, the decay lengt
can significantly exceed the wavelength of the initial wav
This circumstance may simplify the experimental demons
tion of the existence of the free-streaming mode. Howev
whenu0 approaches 0 ° or 180 ° the amplitude of the ma
4-3
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netic field approaches zero@see Fig. 3~b!#. Nevertheless,
there are regions of angles where the decay length is l
and the amplitude of the magnetic field is also significant
addition, the amplitude of the static magnetic field increa
with the plasma density.

The static magnetic field discussed above is sustaine
dc currents in the plasma. These currents can be obta
from j st5(c/4p)“3Bst, which gives

j z
st~x!5

iv0B0
st

4p sinu0
S f rB1

g2b2
e2 igsx2 f p

2B2e2kp
stxD . ~16!

A typical distribution of the dc currents is shown in Fig. 4~a!.
Similar to the static magnetic field, the dc currents beco
distorted near the boundary. The depth of this distortion
the same as for the static magnetic field.

In the analysis above we neglected collisions. The inc
sion of collisions would lead to a gradual damping of the
currents and, consequently, to a finite lifetime of the sta
magnetic field. For gas pressures typically used in exp
ments@2,6# this lifetime is;10–100 ns and, thus, may sig
nificantly exceed both the duration of the incident pulse w
wavelengthl0;1 cm and time scale of the transient ele
tromagnetic processes.

D. Reradiation of the skinning field

We now turn to the radiation from the plasma after t
front stop. In general, the transient processes are desc

FIG. 3. ~a! Lines of the static magnetic field forb50.99, f p

53, andu05160 °.~b! Amplitude of the constant magnetic field a
the plasma boundary forb50.99.

FIG. 4. ~a! Direct currents excited in the plasma forb50.99,
f p53, and u05160 °. ~b! Angular density of the radiation in
vacuumWv(u)/W0 @normalized to the quantityW05E0

2c/(4v0)#
for b50.999, u05170 °, and f p50.318.
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by the integrals along the branch cuts~see Fig. 2!. The out-
going radiation~going from the boundary tox→6`) is de-
scribed by the integrals along the right-hand sides of
branch cuts in the intervalsv0 sinu0,uvu,` for x,0 and
v* ,v,` for x.0 with v5Im(s). These integrals give
the expansion of the radiation into outgoing plane wav
with different frequencies related to the angle of propagat
u ~measured in thex-y plane from the normal to the bound
ary direction both in the plasma and vacuum! by

v55
sinu0

sinu
v0 if x,0

v*
sinu

A12
vp

2

v
*
2

cos2u if x.0.

~17!

The closer the angleu to the normal, the higher the fre
quency of the wave. The angular density of energy radia
into the vacuum and plasma is@9#

Wv,p~u!5
c2h0 cot2u

16p2
uAv,p~s5 iv!u2. ~18!

The formula~18! is valid for all angles except the angles
which the forced responses in Eq.~12! contribute. The en-
ergy emitted at these angles is infinite due to our assump
of a plane incident wave. Figure 4~b! shows the angular den
sity of the radiation generated in vacuum in the case w
the initial wave falls off behind the moving front. For th
parameters we used, the decay depth of the wave is a
three periods. After the front stops, this exponentially dec
ing field generates a wave packet propagating at 1.2 °
vacuum. Integration ofWv(u) over the interval around 1.2 °
gives the energy which is almost equal to the energy of
skinning transmitted wave. This means that the skinn
wave leaks into vacuum after the front stops and produce
burst of radiation at frequency up-shifted by a factor
Ref t'8.1 compared tov0. The reflection of this wave into
the plasma is negligible. By changing the degree of skinn
one can control the duration of the wave packet emitted i
vacuum. The initially reflected field propagates atu'0.65 °
@see Fig. 4~b!# with frequencyf r'15 and amplitude;E0.
Despite the high degree of frequency up-shift and large a
plitude, it carries a small fraction of the incident energy ev
in the case of a uniformly moving front because the length
the wave packet is very small@4#. In the copropagating cas
and for b'1, it takes a long time for the reflected wav
packet to separate from the front. In a finite-size gas tube,
reflected wave packet may not even form before the fr
reaches the end of the working volume. However, as
showed, even the decaying transmitted field can escape
plasma volume and produce frequency up-shifted radiati

III. INTERACTION OF A SHORT PULSE WITH A
MOVING FRONT IN A WAVEGUIDE

The developed theory is based on the assumption th
steady-state distribution of the electromagnetic field
formed before the front stops. From the experimental po
4-4
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of view, this assumption requires taking a cw wave~or a very
long pulse! and letting the front interact with it. Once
steady state is formed the front should stop before the i
dent pulse is completely overtaken by the front. Usually
periments are carried out in finite-length waveguides or
chambers, and very often short pulses are used rather
cw fields. This requires a critical examination of relevance
the steady-state initial conditions described in Sec. II A
typical experimental situations. Our purpose in this sectio
twofold. First, we study how a short pulse interacts with
uniformly moving ionization front which overtakes th
pulse. Second, we show that before a reflected puls
formed, a significant portion of the energy of the pulse
localized behind the front in evanescent field. Thus, if
front stops at this moment the evanescent field produce
burst of radiation into vacuum ahead of the front. Since
primary aim in this section is to investigate the time dep
dence of the electromagnetic field distribution induced n
the plasma boundary by a short pulse, we do not model
stopping of the front.

To study the interaction of a short pulse with the ioniz
tion front, we chose the case when the pulse propagates
waveguide rather than in free space~see Fig. 5!. The wave-
guide is formed by two perfectly conducting planes aty5
6d/2. The interaction in such a waveguide can be treate
a special case of oblique incidence. We assume that the
cident pulse is Gaussian and it consists of the componen
the lowest TE mode of the waveguide. The electric field
such a pulse has only az component, which can be expande
into plane waves with different frequencies and longitudi
components of the wave vector:

Ez
(i)5Ẽ0E

2`

`

dve2(v2v0)2t2/21 ivt2 igx, ~19!

whereẼ05E0 cos(py/d)(t/A2p), t is the duration of the
pulse, v0 is the central frequency, g5
2(v/c)A12(cp/vd)2. The magnetic field of the inciden
pulse can be found by substituting Eq.~19! into Maxwell’s
equations. The reflected and transmitted pulses can be fo
by multiplying each Fourier component of the incident pu
by the reflection and transmission coefficients given by E
~4! and ~5!. This gives the reflected pulse

Ez
(r)5Ẽ0E

2`

`

dv
f t21

f r2 f t
e2(v2v0)2t2/21 ivr t2 igrx ~20!

and the transmitted pulse

FIG. 5. Schematic of a pulse overtaken by an ionization fron
a waveguide. The pulse shown corresponds to the spatial ele
field dependence used in calculations.
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Ez
(t)5Ẽ0E

2`

`

dv
f r21

f r2 f t
e2(v2v0)2t2/21 iv tt2 igtx. ~21!

The y component of the constant magnetic field excited
the plasma is

By
(s)52Ẽ0

1

bE2`

`

dv f ~12 f r
21!~12 f t

21!e2(v2v0)2t2/22 igsx

~22!

and thex component is found from“•B50. The wave vec-
torsgr ,t,s and frequenciesf r ,t in Eqs.~20!–~22! are the same
as for an incident plane wave and they are given in Sec. I
Since the frequencyv t may be complex, the transmitte
wave~21! describes both the waves that propagate and de
in the plasma. The values of the reflected and transmi
fields as well as of the constant magnetic field allow findi
the energy of the corresponding modes.

We chose the parameters of the pulse such that the e
tation of the propagating waves in the plasma is rather sm
f p50.35, v0t55. The actual form of the pulse is shown
Fig. 5. The width of the waveguide is chosen to provide
angle of incidence of 170 ° for the central component of
pulse and front’s velocityb50.999. Figure 6 shows the en
ergy spectrum of this pulse and the energy conversion c
ficient into the propagating transmitted wave. Most of t
energy of the incident pulse lies in the region where
propagating waves can be excited, and thus a significant
citation of the skinning field is expected. This choice of p
rameters allows also to obtain high-frequency convers
since the frequency of the transmitted field~see Fig. 6!
reaches a maximum value when the transition from
propagating regime to the skinning regime occurs.

Figure 7 shows the energy of different modes excited
the pulse as a function of time. Most of the energy of t
incident pulse goes into the excitation of the free-stream
mode in the plasma. The reflected energy grows rat
slowly in time while the energy accumulated in the plasm

n
ric

FIG. 6. ~a! Energy spectrum~in arbitrary units! of the incident
pulse ~1! together with the frequency conversion coefficie
0.1 Ref t @given by Eq.~3!# of the transmitted wave~2! and the
coefficient of the energy conversion of a quasi-monochromatic
cident wave into the propagating transmitted wave~3!. ~b! Reflected
~for v0x/c,21138.86) and transmitted~for v0x/c.21138.86)
electric fieldEz

(r ,t)/E0 at v0t51140 andy50. The position of the
front is indicated by the dashed line.
4-5
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grows much faster. After some time, the front overtakes m
of the pulse and the energy accumulated in the plasma s
to decrease due to its reradiation into the reflected pulse.
delay in the reflection can be explained by partial penetra
of the pulse into the plasma in the form of a decaying fie
Thus, we can conclude that the formation of the decay
wave requires less time compared to the formation of
reflected pulse. The significant delay in the formation of
reflected pulse can be crucial in experimental situati
where the interaction time is limited by the length of t
waveguide. Fortunately, even if the front stops at the mom
when the reflected pulse is not formed yet but there is
ready a significant fraction of the energy accumulated beh

FIG. 7. ~a! Energy of the incident pulse that was overtaken
the ionization front~1!, energy of the transverse modes in t
plasma~2!, energy of the reflected pulse~3!, and energy of the
free-streaming mode~4!. ~b! Same as~a! but only curves~2! and~3!
are shown. All energies are normalized to the total energy of
incident pulse.
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the front, the accumulated energy can escape the plasma
produce the frequency up-shifted radiation, as we showe
Sec. II. The electric field distribution at such a moment
shown in Fig. 6~b!.

IV. CONCLUSION

To conclude, we have shown that the interaction of
electromagnetic wave with a suddenly stopped ionizat
front gives rise to two nontrivial physical effects: first, ge
eration of a static magnetic field in vacuum ahead of
front, and second, emission of a highly frequency up-shif
skinning field in the plasma into vacuum. We also show
that even if the incident pulse is very short, it can produc
significant skinning field much earlier compared to the fo
mation of the reflected pulse. Stopping the front at suc
moment should give rise to reradiation of the skinning e
ergy as in the case of a cw incident field. While the gene
tion of the static field exists only for a TE polarized incide
wave, the reemission of the skinning field, in general, ta
place for an arbitrary polarization of the incident field. D
spite the possibility to obtain highly frequency up-shifte
transients both for TE and TM incident waves, the energy
the transients will be different in these cases, since the
wave can excite Langmuir waves behind the front@4#.
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